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Abstract 

Strating with the Maxwell's equations in presence of electric and mag- 
netic sources in an isotropic homogenous medium, we have derived the 
various quantum equations of dyons in consistent and manifest covariant 
way. It has been shown that the presented theory of dyons remains invari- 
ant under the duality transformations in isotropic homogeneous medium. 
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Few interest in the subject of monopoles and dyons was enhanced by the 
work of t' Hooft |Tj and Polyakov [2] and its extension by Julia and Zee [3]. 
Consequently, these particles became intrinsic part of all current grand unified 
theories [4j [5] in view of their enormous potential importance [6] El [HJ [9] . Keep- 
ing in view the potential importance of monopoles and the results of Witten 
[9] that monopoles are necessarily dyons, we [332 E] have also constructed a 
self-consistent co- variant theory of generalized electromagnetic fields associated 
with dyons each carrying the generalized charge as complex quantity with its 
real and imaginary part as electric and magnetic constituents. On the other 
hand Kravchenko [32] has analysed the Maxwell's equations for time-dependent 
electromagnetic fields in homogeneous (isotropic) and chiral medium. In this 
paper we have derived the various quantum equations of generalized electrmag- 
netic fields of dyons (particles carrying simultaneously electric and magnetic 
charges) in isotropic medium in consistent and manifest co-variant ways. It has 
been shown that the present theory of dyons remains invariant under the dual- 
ity transformations in isotropic homogeneous medium. It has also been shown 
that the equation of motion in isotropic medium reproduces the rotationally 
symmetric gauge invariant angular momentum of dyons and accordingly we 
have derived the quantization condition for generalised electromagnetic fields of 
dyons in isotropic medium. 

Let us start with the symmetrized Maxwell's equations, derived by Dirac 
[13] in presence of magnetic charge (monopole) to establish the dual invariance 
between electric and magnetic fields, in the following manner in vacuum in SI 
units [14] for c = h = li.e. 

^•^ = Pe (1) 

^■H = poPm (2) 

^xl = (3) 
e at 

^x/? = Je + § (4) 

where p e and p m are respectively the electric and magnetic charge densities 
while ~jt and J^t are the corresponding current densities, 15 is electric induction 
vector, is electric field, is magnetic induction vector and if is magnetic 
field. Here we assume the homogeneous (isotropic) medium with the following 
definitions UM, 
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13 = eE(e = eoe r ) 



(5) 



and 



B = nlf(n = (l Pr) (6) 

where e D the free space permitivity, [i Q is the permeability of free space and 
e r and [i r are defined respectively as relative permitivity and permeability in 
electric and magnetic fields. On using equations © and ©, equations (ffl-Sl) 
take the following differential form, 





£ = 


Pe 

e 






t = 


PPm 






e! = 


3m 






e 


~~dt 




B* = 


pTe ^ 


1 dTt 



(7) 
(8) 
(9) 

(10) 

Differential equations (|7|8|9|10|1 are referred as the generalised field equations of 
dyons in homogeneous medium and the electric and magnetic fields are corre- 
sponding called generalised electromagnetic fields of dyons. These electric and 
magnetic fields of dyons are expressed in following differential form in homoge- 
neous medium in terms of two potentials [lljas, 



t = -%- ¥ -^xS (11) 
v l at 

where {C^} = {(f) e ,v Cf} and {D»} = {v<j> m ,l3} are the two four-potentials 
associated with electric and magnetic charges. Substituting the values of 1? 
and in |(9|) and (fTOf , we get the following sets of wave equation for dyons in 
isotropic medium 
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1 d 2 (j) e 2 p e 

-^-^2~~V(pe = Ope =— (13) 

ir ot e 

= (14) 



along with 



1 d 2 



'- dt 2 
1 d 2 ^ 



7 2 (j) m = Dcj) m = up m ; (15) 
V 2 ^ = nl3 (16) 



Si 2 

where we have imposed the following subsidiary conditions 

1 d(f> e 



+ - o ( 17 , 



and 



^ + 4% - (18) 

and used the relations at — \ or v = — h= = J-— with c = J— is the velocity 
of light in free space (vacuum) and v is considered as the speed of electromagnetic 
wave in homogeneous (isotropic) medium. As such, we may write the following 
tensorial representation of generalised Maxwell's -Dirac (GDM) equations of 
dyons in homogeneous medium i.e. 



F^,y = 3t (19) 
F£,,u = 3™ (20) 



where we have used the definition [TT] of F M „and F^as 



F 



En 



H 



pa _ 

Env — 



fJ,U 

+ E^ v 



(21) 
(22) 
(23) 
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= D^-Du^ (24) 
K> = \^o°V P ° (25) 
K> = \^P° HPa - (26) 

Generalized electromagnetic fields of dyons in homogeneous medium are thus 
directly be obtained from field tensor F M „and F^as 



F ti = ivE, (27) 

Fij — EijkB k (28) 

Ft = ivB l (29) 

= s tjk E k . (30) 

Equations ljTT)l and (fl2|) are symmetrically invariant under the following trans- 
formations 



(31) 
(32) 

(33) 
(34) 
(35) 
(36) 



(37) 
(38) 
(39) 

Prn -Vp e ] (40) 

f»u - (4i) 

< - • (42) 



£ - 






E 
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V 




zr 

■> 




V 


t - 


- -„3 






0m - 


0e , 




U 






jm _ 








U 




Pm . 


Pe ~ 
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Equations lfT9|) and ij20j) are also invariant under the generalized continuous linear 
transformations [16] 



E 



1? cos 6 + it v sin 6 
-£f sin 6* + 1$ v cos 8. 



(43) 
(44) 



v 



which reduces to equations (J3l] and [32] ) for = | and thus recalled as duality 
transformations. Similarly equations ([33] to [42]) are also expressed as duality 
transformations between electric and magnetic constituents of dyons. As such 
the GDM equations given by equations ( [7] to [10] ) are thus referred as mani- 
festly covariant and dual invariant field equations of dyons moving in isotropic 
homogeneus medim. Defining the complex vector field ip in the following form, 



and using equations (|11I12I and [45]) we get the following relations between gen- 
eralized field ip and the components of complex four-potential as 



where {V^} is the generalized four-potential of dyons in homogeneous medium 
and defined as 



(45) 




(46) 



V„ = {^} 



(47) 



i.e. 



(48) 



and 



r 




(49) 
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Maxwell's field equation (|7|8|9[ and [T0|) may then be written in terms of gener- 
alized field tp as 



V-^ = (50) 



1 d 1y 

= -iv{p~j + — — ); (51) 

where pand j are the generalized charge and current source densities of dyons 
in homogeneous medium described as 



p = p e -i — ; (52) 

V 

j = je -ivj m - (53) 



Taking the curl of equation f51j) and using equation l|50p we obtain the new 
parameter (called S) expressed in the following form in terms of source densities 



i.e. 



d 1 

where Dis the D'Alembertian operator and defined as 



(54) 



□ = 192 -V 2 =1*. -iil (55) 

l?dtZ V v 2Q t 2 Q x 2 Q y 2 Q z 2- 



Maxwell's-Dirac equation (|7|8|9^ and Pl0| may now be expressed in the follow- 
ing manner to establish the relation between generalized potential and current 
components of dyons i.e. 



Dip = vpp; (56) 

nV = /it- (57) 



Defining the generalized field tensor of dyon as 
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(58) 



One can directly obtain the following generalized field equation of dyon in ho- 
mogeneous (isotropic) medium i.e. 

G^i/,v = 3n'i (59) 
G%, iV = 0. (60) 

The suitable manifestly co variant Lagrangian density, which yields the field 
equations (11I2I3I4I) under the variation of field parameters i.e. potential only 
without changing the trajectory of particle may be written as follows, 

L = -mo-^G^ + V;^ (61) 

where mois the rest mass of particle and * denotes the complex conjugate. La- 
grangian density given by equation <f6T]) directly follows the following manifestly 
covariant and dual invariant form of Lorentz four-force equation of motion for 
dyons in homogeneous (isotropic) medium as 

/ p =m x fl = Re q * (G^u") (62) 

where Re denotes the real part, x'^is the four-acceleration and {u u } is the four- 
velocity of the particle and q is the generalized charge of dyon defined as follows 
in isotropic medium as, 

q = e — iv g (63) 
Equations (fl9ll . (|20jl and l|59|60p are invariant under duality transformations, 

(F, v F d ) = (Fcos6 + vF d sm8, -F sin6 + v F d cos8) (64) 
C?'/i>M = tin cos 6 + fc M sin 9, -j M sin 9 + cos 6) (65) 
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where 



■tan 6 (66) 



9 = b r = K = El 

e A " jti F 

Hence the the generalized charge of dyon given by equation f63|) may be written 

as 



q = \q\exp[-i0\. (67) 

In addition of the dual symmetry the field equations (|59|60p . the equation of 
motion lj62|) and the Lagrangian density (|6Tjl lead to the following symmetries 

PI; 

1. Invariance under a pure rotation in charge space or its combination with 
transformation containing simultaneously space and time reflection (strong 
symmetry); 

2. A weak symmetry under charge reflection combined with space reflection 
or time reflection (not both); 

3. A weak symmetry under PT (combined operation of parity and time re- 
versal) and strong symmetry under CPT ( combined operation of charge 
conjugation, parity and time reversal). 

Using equation (|67|) the interaction of i t/l dyon with the field of j 4,1 dyon in 
isotropic medium may be written as follows from the interaction part i.e. the 
V^j^part of Lagrangian density given by equation f61j) . i.e. 

r (J) 

Iij = -^<fiWf (68) 

where C^is the electric four-potential describing the field of j^dyon, e^is the 
electric charge and u^hs the four- velocity of i*' l dyon in the field of j th djon. 
This equation shows that 

1. Interaction between two dyon is zero when their generalized charges are 
orthogonal in their combined charge space. 
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2. Interaction depends on electric coupling parameter 

otij = etej + v 2 g l g j (69) 

under the constancy condition f 1 — f 2 " = constant. 

3. Interaction depends on magnetic coupling parameter (i.e. chirality) 

fHj = < ~ < j!h (70) 
under the condition — = — — . 

v gj ej 

In the isotropic (homogeneous) medium the dual invariant energy density of 
dyon is now expressed as 

U = + (71) 

In equation (11 12l: : il4ll and (|5l6j) the generalized Maxwell's equations are con- 
sidered together with the so called constitutive relations described in terms of 
the relations between the induction vector and field vector. The constitutive 
relation given by equations (15161) then describe the rich variety of physical phe- 
nomenon representing the properties and responses of the medium and to the 
application of generalized electromagnetic field of dyons. The field equation, 
Lagrangian and the equation of motion of dyons described here in isotropic 
medium are also considered as Poincare and conformal invariant, but there is 
no trivial gauge group of invariance transformations. Dyonic fields given by 
equations (|19l20p . l|56l57p . l|59l60p and ([62)1 are manifestly covariant and also in- 
variant under duality transformations. Here we have described the electromag- 
netic characteristic of dyon field equations in terms of the parameters of the 
medium e and n which do not change in time. Thus our results corresponding 
to the generalized electromagnetic models of dyons are represented in terms of 
time-harmonic (monochromatic) fields in a consistent and unique manner and 
reproduces the theories of the dynamics of electric (magnetic) charge in the 
absence of magnetic (electric) charges or vice versa. 
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